Regularization of conical singularities in warped six-dimensional
  compactifications by Papantonopoulos, Eleftherios et al.
ar
X
iv
:h
ep
-th
/0
61
13
11
v2
  2
7 
Fe
b 
20
07
hep-th/0611311
November 2006
Regularization of conical singularities
in warped six-dimensional compactifications
Eleftherios Papantonopoulosa, Antonios Papazoglou b,c,d
and Vassilios Zamariasa
a Department of Physics, National Technical University of Athens,
Zografou Campus GR 157 73, Athens, Greece
b APC1, 11 place Marcelin Berthelot,
F 75005 Paris Cedex 05, France
c GReCO/IAP2, 98 bis Boulevard Arago,
F 75014 Paris, France
d E´cole Polytechnique Fe´de´rale de Lausanne,
Institute of Theoretical Physics,
SB ITP LPPC BSP 720, CH 1015, Lausanne, Switzerland.
Abstract
We study the regularization of the codimension-2 singularities in six-dimensional
Einstein-Maxwell axisymmetric models with warping. These singularities are re-
placed by codimension-1 branes of a ring form, situated around the axis of symme-
try. We assume that there is a brane scalar field with Goldstone dynamics, which is
known to generate a brane energy momentum tensor of a particular structure neces-
sary for the above regularization to be successful. We study these compactifications
in both a non-supersymmetric and a supersymmetric setting. We see that in the
non-supersymmetric case, there is a restriction to the admissible warpings and fur-
thermore to the quantum numbers of the bulk gauge field and the brane scalar field.
On the contrary, in the supersymmetric case, the warping can be arbitrary.
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1 Introduction
There has been considerable attention the past years at brane models with codimension-2
branes in six-dimensional theories. This attention has mostly to do with an interesting
property of their vacuum energy and has inspired the construction of models which may
ameliorate the cosmological constant problem. The latter property is the fact that their
vacuum energy instead of curving their world volume, merely changes the deficit angle
in the geometry of the surrounding bulk [1]. Thus in principle, models which decouple
the curvature of the brane from the brane vacuum energy can be constructed (selftuning
models).
The most thoroughly discussed models of this kind were the ones with a bulk gauge
field coupled to gravity [2] (for another possibility see [3,4]). These models have generally a
monopole solution which spontaneously compactifies the internal two-dimensional space [5].
This internal space can in principle have some conical defects which support codimension-2
branes. A usual assumption which we adopt also in the present paper is axial symmetry
(see [6] for a more general case). This restricts the number of the codimension-2 branes
to be at most two, situated at the north and south pole of the internal space. The size
of spontaneously compactified internal space is classically determined in the case of a
purely Einstein-Maxwell system [5, 7], but behaves as a modulus in its supersymmetrized
version [8–10], where a dilaton with appropriate coupling to the other fields is also present
(for the stability of these models see [11, 12]). The selftuning property of these models is
ruined however, by the flux quantization condition [13], unless one admits solutions with
singularities more severe than conical [14].
The study of gravity on the codimension-2 branes is a difficult issue. Any simplistic
way to discuss non-trivial brane geometries results to bulk singularities at the position
of the brane much more serious than conical [15]. One way to confront this problem is
to complicate the gravity dynamics by adding for example a Gauss-Bonnet term in the
bulk or an induced gravity term on the brane [16]. This approach, however, leads to rather
restrictive constraints on the matter content of the brane [17]. The most natural procedure
is to consider a regularized version of the codimension-2 brane in Einstein gravity, where
the brane acquires some thickness [18] in its transverse directions.
The latter approach has been followed in [19] in its simplest form, where the codimension-
2 branes were replaced by thin ring-like codimension-1 branes warped around the axis of
symmetry. The space close to the conical tip, which is cut by the codimension-1 brane, is
replaced by appropriate bulk caps. This kind of regularization requires a specific form of
the brane energy momentum tensor to work, which can be provided by a brane scalar field
with Goldstone-like derivative couplings to the bulk gauge field. This Goldstone feature
can be natural if this scalar field originates from a Higgs field whose radial component has
been integrated out [20] at low enough energies. In [19] the regularization of the unwarped
non-supersymmetric model had been provided and gravity on the codimension-1 brane was
discussed.
In the present paper we generalize the above procedure by considering this type of
regularization for codimension-2 brane models with general warping. Furthermore, we
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repeat the regularization also for a gauged supergravity model. We find that this regular-
ization in the non-supersymmetric case cannot work for general warping (or equivalently
for arbitrary monopole and brane scalar field quantum numbers). On the contrary, in the
supersymmetric case no such constraint is present. In the next two sections we will present
the solutions with the codimension-2 branes and then the regularization approach followed
by the solutions with codimension-1 branes. At the end we will conclude and suggest a
possible application of these regularized compactifications.
2 Non-supersymmetric warped compactifications
We discuss first the six-dimensional Einstein-Maxwell system which was originally found
to spontaneously compactify an internal two-dimensional space [5]. We suppose that we
have a six-dimensional gauge field AM (with field strength FMN) coupled to gravity in the
presence of a bulk cosmological constant Λ0. The general axisymmetric solutions of such a
model, involve compact spaces with sphere topology and two codimension-2 singularities
at the poles of the deformed sphere [7]. The dynamics of this system can be encoded in
the following action
S =
∫
d6x
√−g
(
M4
2
R− Λ0 − 1
4
F2
)
− T±
∫
d4x
√−γ± , (1)
where brane actions are added to the bulk part, with brane tensions T± for the codimension-
2 branes situated at the north and south pole respectively. The tensor γ±µν is the induced
metric on the two 3-branes. The quantity M is the six-dimensional Planck mass.
The equations of motion in the bulk are easily obtained by variation of the metric and
the gauge field and read
RMN =
1
M4
[
Λ0
2
gMN + FMKF KN −
1
8
F2gMN
]
, (2)
∂M
(√−gFMN) = 0 . (3)
In the following, we will first discuss the background solution with codimension-2 branes
and then we will present the way to regularize these branes by lowering their codimension.
2.1 The general solution with codimension-2 branes
Let us recall the general bulk axisymmetric solution of the above system, presented in
[7]. The solution can be obtained after a double Wick rotation from the one for the
six-dimensional Reissner-Nordstro¨m black hole. Thus, the metric and the only non-zero
component of the gauge field strength are
ds26 = ρ
2ηµνdx
µdxν +
dρ2
F
+ c20Fdθ
2 , (4)
3
Fρθ = − b0
ρ4
, (5)
with M4F (ρ) = −Λ0
10
ρ2 − b
2
0
12c20ρ
6
+
µ0
ρ3
, (6)
where c0 is a constant which can be absorbed in the angular coordinate. The reason why
we keep it in the metric will be explained later. Note that the dimensions of the various
quantities in the solution are [Λ0] = [b
2
0] = [µ0] = [F
3] = M6, [ρ] = [c0] = M
0, and
[θ] = M−2.
The metric function F (ρ) has generically many real roots. Without loss of generality,
we will suppose that two of these roots are positive and we will consider the space 0 <
ρ− < ρ < ρ+. From the condition that F (ρ±) = 0, we can express the parameters b0 and
µ0 as a function of ρ+ and α ≡ ρ−/ρ+ [0 < α ≤ 1] as
b20 =
6
5
c20Λ0 ρ
8
+α
31− α5
1− α3 , (7)
µ0 =
Λ0
10
ρ5+
1− α8
1− α3 . (8)
The parameter α expresses the degree of warping of the four-dimensional part of the
metric as it will be evident shortly. The unwarped case corresponds to the value α = 1,
when the two roots of the function F coincide. The latter limit is singular in the present
gauge, and thus it would be difficult to compare results with the unwarped case. For this
reason, we follow the prescription of [11] and we make the coordinate transformation
ρ = ρ+z with z(r) =
1
2
[(1− α)r + (1 + α)] , (9)
ϕ =
Λ0
M4
ρ+(1− α)θ . (10)
Then in the new coordinates the solution (4)-(6) becomes
ds26 = z
2ρ2+ηµνdx
µdxν +R20
[
dr2
f
+ c20f dϕ
2
]
, (11)
Frϕ = −c0R0M2S · 1
z4
, (12)
with f =
4R20
ρ2+(1− α)2
F , (13)
and S(α) =
√
3
5
α3
1− α5
1− α3 , (14)
with R20 = M
4/(2Λ0) a quantity representing the average radius of the internal space. In
the limit α→ 1, we have that S → 1. Note that [f ] = [ϕ] = M0. From the above definition
we can verify that f(r) depends only on the parameter α as
f(r) =
1
5(1− α)2
[
−z2 + 1− α
8
1− α3 ·
1
z3
− α31− α
5
1− α3 ·
1
z6
]
. (15)
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The range of the angular coordinates θ and ϕ have not been specified yet. We can in
general take ϕ ∈ [0, 2πξ). The parameter ξ plays the same role as the parameter c0 and by
a coordinate transformation we can keep one of them and set the other to unity. In other
words, only the product of ξ and c0 has physical meaning. We will keep however both of
them in the following with the purpose of making an easy comparison with the unwarped
case, choosing them appropriately.
The two codimension-2 branes are situated at ρ = ρ±, or in the new coordinates at
r(ρ±) = ±1 with z(ρ+) = 1, z(ρ−) = α. Expanding the function f at r → ±1 we get
f → 2(1∓ r)X± with the quantities X± given by
X+ =
5 + 3α8 − 8α3
20(1− α)(1− α3) , (16)
X− =
3 + 5α8 − 8α5
20α4(1− α)(1− α3) . (17)
Then the metric around r = ±1 reads
ds26 ≈ z2(±1)ρ2+ηµνdxµdxν +
R20
X±
[
dr2
2(1∓ r) + c
2
0X
2
±2(1∓ r)dϕ2
]
. (18)
The deficit angles at the two singularities are thus δ± = 2π(1− β±) with β± = c0X±ξ.
These singularities are supported by codimension-2 branes with tensions related to the
deficit angles as T± = M
4δ±. Note that the quantities ξ and c0 appear correctly together
as stressed before.
In the limit α → 1, the warping of the space disappears and we have the case of a
sphere with a deficit angle δ = 2π(1 − c0ξ), since then X+ = X− = 1. In this case, the
exact metric is rather simple because f = (1− r2). Thus we get
ds26 = ρ
2
+ηµνdx
µdxν +R20
[
dr2
(1− r2) + c
2
0(1− r2)dϕ2
]
, (19)
Frϕ = −c0R0M2 . (20)
As can be easily checked, the above metric coincides close to the branes with (18) for
α → 1. With the coordinate transformation r = cosω we can obtain the more familiar
form of the solution as in [2]
ds26 = ρ
2
+ηµνdx
µdxν +R20
[
dω2 + c20 sin
2 ωdϕ2
]
, (21)
Fωϕ = c0R0M2 sinω . (22)
At this point we will partially fix ξ by postulating that it is a function of α and that
in the limit of α → 1 it is ξ(α) → 1. With this limiting behaviour the deficit angle
in the unwarped case is given by δ = 2π(1 − c0). Thus, the quantity c0 appearing in
warped metric (4) corresponds to the deficit angle of the unwarped solution. But as we
allow warping, the quantity ξ(α) is also in principle present in the range of the angular
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coordinate. Particular choices of ξ(α) (always with the above-mentioned limit) can make
certain calculations easier.
The parameter ρ+ can be absorbed to a x
µ-coordinate redefinition, so from now on
we take ρ+ = 1. The flux quantization of the above gauge field, gives us a quantization
condition for the deficit angle. To find the quantization condition, we need the solution for
the gauge field in two patches of the manifold (north and south) which correctly reproduce
the flux when Stokes’ theorem is applied. The gauge field in these patches should vanish
at the poles since we have assumed that the branes carry no charge. These gauge field are
given by
A+ϕ = c0R0M2 ·
2S
3(1− α)
(
1
z3
− 1
)
, (23)
A−ϕ = c0R0M2 ·
2S
3(1− α)
(
1
z3
− 1
α3
)
, (24)
which in the unwarped case limit α→ 1 gives
A±ϕ = c0R0M2(−r ± 1) . (25)
Then single valuedness of the gauge transformation at the overlapping region, gives the
following quantization condition
2c0R0M
2ξe Y = N , N ∈ Z , (26)
with Y =
(1− α3)
3α3(1− α) S , (27)
where e is a unit fundamental charge. In the limit when α→ 1, it is Y → 1 as expected.
We can choose the function ξ(α) to simplify the expression of the quantization condition,
or the one of the quantities β±. A choice ξ = 1/Y is particularly helpful. In this case the
quantization condition remains the same as in the case of no warping and the deficit angles
are given by β± = c0X±/Y .
2.2 The regularization
We would like to regularize this model by substituting the codimension-2 branes by branes
of lower codimension. This is possible, if we suppose that the space close to the codimension-
2 singularities is cut at r = r± by codimension-1 branes and is then replaced by smooth
caps, as done in [19] for the unwarped case. Let us denote by M0 the bulk between
the codimension-1 branes, M± the two caps and Σ± the two codimension-1 branes. The
regularized space is drawn in Fig. 1. Then the action of the system is written as
S =
∫
Mi
d6x
√−g
(
M4
2
R− Λi − 1
4
F2
)
−
∫
Σ±
d5x
√−γ±
(
λ± +
v2±
2
(D˜µˆσ±)
2 +M4{K}±
)
,
(28)
6
r = +1
r = −1
Bulk: c0, R0, α
Cap: c+, R+, α
Cap: c−, R−, α
Brane:
λ+, v+
r = r+
Brane:
λ−, v−
r = r−
Figure 1: The internal space where the codimension-2 singularities have been regularized
with the introduction of ring-like codimension-1 branes. As the positions of the rings tend
to the poles i.e., when r± → ±1, we recover the conical brane limit. The parameters of
the action and the solution are denoted in the appropriate part of the internal space.
where γ±µˆνˆ = gMN∂µˆX
M∂νˆX
N is the induced metric on the branes, with µˆ = {µ, ϕ} a five
dimensional index and XM the bulk coordinates of the brane. [Here, for the static brane
XN = (xνˆ , r±)]. Also, Λi, i = 0,± are the bulk cosmological constants in the three bulk
regions and λ± are the tensions of the codimension-1 branes. Furthermore, the branes have
Goldstone-like scalar fields σ± coupled to the bulk gauge field, through the combination
D˜µˆσ± = ∂µˆσ± − Eaµˆ, where aµˆ = AM∂µˆXM is the induced gauge field. Note that this in
not the covariant derivative of σ± with respect to aµˆ. [Since we will consider static branes,
we have simply aµˆ = Aµˆ.] The last term in the brane action is the Gibbons-Hawking term
for each brane. We denote {K} = Kin + Kout the sum of the extrinsic curvatures from
each side of each brane. The extrinsic curvature is constructed using the normal to the
brane nM which points inwards to the corresponding part of the bulk each time (we use the
conventions of [21]). For more details see the Appendix B.
The scalar fields σ± originate from the phases of Higgs scalar fields, whose radial com-
ponents have been integrated out for low enough energies. If C is the normalization of the
Higgs phase eiCσ±, we cannot directly read it from our effective low energy brane action.
We can fix this ambiguity by choosing, without loss of generality, C = 1/ξ where ξ has
to do with the range of the angular coordinate ϕ. This choice simplifies the solution for
the scalar fields σ±. As we present in detail in Appendix A, the “charge” E is related to
the charge of the parent Higgs field through ξ. If the Higgs field has unit fundamental
charge e, the “charge” E is related to the latter as E = ξe. It is important to note that
the “charge” E need not be an integer multiple of the fundamental charge e. This does
not contradict the well known fact that charges in compact spaces are quantized, since E
is not a charge in the strict sense but just a parameter appearing in the effective brane
action.
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The equations of motion in the bulk are that same as (2), (3), where now we substitute
Λi for the three bulk regions instead of Λ0. The junction conditions on the branes are
obtained by matching the surface terms from each side of the brane with the variation of
the brane action and read
{Kˆµˆνˆ}± = − 1
M4
[
−λ±γµˆνˆ + v2±
(
D˜µˆσ±D˜νˆσ± − 1
2
(D˜κˆσ±)
2γµˆνˆ
)]
, (29)
{nMFMN∂κˆXN}± = −Ev2±D˜κˆσ± , (30)
where Kˆµˆνˆ = Kµˆνˆ −Kγµˆνˆ , with Kµˆνˆ = KMN∂µˆXM∂νˆXN . Finally, the equation of motion
of the brane Goldstone fields is
∂µˆD˜µˆσ± = 0 . (31)
Before presenting the regularized solution, let us make a comment regarding the imple-
mentation of the above junction conditions. The metric in each side of the brane can be
generally written as
ds26 = gµνdx
µdxν + grrdr
2 + gϕϕdϕ
2 , (32)
with gµν , gϕϕ continuous functions as they cross the brane. The derivatives of the latter
metric components are of course discontinuous, which gives rise to the junction conditions.
However, the metric components grr need not be continuous. We can always make a radial
coordinate redefinition r → l(r) as in [19]
glldl
2 = [goutrr θ(rc − r) + ginrrθ(r − rc)]dr2 , (33)
with rc the brane position, where gll is a continuous line element across the brane. The
above junctions are usually understood for such a coordinate system. Then the normals on
each side are opposite vectors ninM = −noutM . Nevertheless, the above equations still make
sense for the case where ginrr 6= goutrr at the position of the brane. In this case, the “normals”
nM in each direction are not opposite vectors (since they are normalized with different grr).
2.3 The general solution with codimension-1 branes
We can now present the background solution of the above regularized system. At the
end, we will verify that taking the limit of r± → ±1, the solution of Section 2.1 with the
codimension-2 branes is correctly reproduced.
The solution in the bulk region M0 between the two branes (r− < r < r+), is the one
described in Section 2.1
ds26 = z
2ηµνdx
µdxν +R20
[
dr2
f
+ c20f dϕ
2
]
, (34)
Frϕ = −c0R0M2S · 1
z4
, (35)
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with R20 =M
4/(2Λ0). On the other hand, the capsM±, with r+ < r < 1 and −1 < r < r−
respectively, are described by the solutions
ds26 = z
2ηµνdx
µdxν +R2±
[
dr2
f
+ c2±fdϕ
2
]
, (36)
Frϕ = −c±R±M2S · 1
z4
, (37)
with R2± = M
4/(2Λ±). Since the aim of the regularization is not to have codimension-2
branes present, one should demand that there is no deficit angle in the caps, i.e., that
β± = c±X±ξ = 1. Thus, we should fix the parameters c± as c± = 1/(X±ξ), with X± as
given in (16) and (17) respectively.
Continuity of the gϕϕ metric component imposes the following relation between the
curvatures in the three bulk regions and the parameters ci
c0R0 = c±R± . (38)
Since the gauge field strength is continuous through the codimension-1 brane and taking
into account the above relation, the solution for the gauge field which vanishes at the poles
remains exactly the same as before (23), (24). Thus the quantization condition (26) is the
same as in the codimension-2 model.
The solution of the Goldstone fields depends as discussed in the previous section, on
the periodicity of ϕ and the normalization of σ± in the original Higgs theory. With the
assumption we made in the previous section (i.e., C = 1/ξ with C the normalization of
σ±) the Goldstone fields are simply
σ± = n±ϕ , with n± ∈ Z . (39)
The junction conditions will determine the brane parameters λ±, v± and they will also
give a relation between the quantum numbers of the brane scalar field n± and the bulk
gauge field N . In Appendix B we present all the necessary steps to arrive at the extrinsic
curvatures Kˆµˆνˆ . Using these quantities we can compute the junction condition (29). Its
(ϕϕ) component reads
±4M4 z
′
z
√
f
∣∣∣∣
r±
(
1
R0
− 1
R±
)
= λ± −
v2±(n± − EA±ϕ )2
2c20R
2
0f(r±)
, (40)
and its (µν) component is given by
±M4
√
f
(
3
z′
z
+
1
2
f ′
f
)∣∣∣∣
r±
(
1
R0
− 1
R±
)
= λ± +
v2±(n± − EA±ϕ )2
2c20R
2
0f(r±)
. (41)
Furthermore, the gauge field junction condition (30) can be easily evaluated as
∓c0R0M2S
√
f
z4
∣∣∣∣
r±
(
1
R0
− 1
R±
)
= Ev2±(n± − EA±ϕ ) . (42)
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A relation between n± and N can be found by taking the difference of (41) and (40)
and dividing by (42). Then, after substitution of Aϕ, c0 from (23), (24), (26) and taking
into account that E = ξe, we obtain
n± = ±N
2
w±(α) with w±(α) = α
2(1∓1)X±
Y S
. (43)
It can be easily seen that it is always n+− n− = N because of the identity X+ +α4X− =
2Y S. In the limit α → 1 we have w± → 1, and thus n± = ±N/2 in agreement with [19].
It is worth noticing here that the above relations are independent of the parameter ξ.
Since the quantities n±, N are integers, the above relation imposes a restriction to the
values of the admissible warpings α. Simplifying w+ as
w+(α) =
2
(1− α3)
[
5(1− α8)
8(1− α5) − α
3
]
, (44)
shows that w+ is bounded as 1 < w+(α) < 5/4. Hence, we find that for N > 0 the scalar
quantum number is restricted as N/2 < n+ < 5N/8. [The constraint coming from n−
is complementary due to the relation n+ − n− = N ]. This excludes warped solutions for
small monopole numbers N ≤ 4. The first warped solution exists for N = 5, with n+ = 3,
n− = −2 and for warping α ≈ .44.
The above restriction dictates that not all warped solutions can be regularized in the
way we have described in the previous section. A possible way to understand why, is
that, due to the compactness of the space, there are topological constraints for the various
fields (bulk gauge field and brane scalar field) which may not be possible to be satisfied
simultaneously for any warping α. A similar conclusion would be reached if we had used
a brane 3-form field Bµˆνˆκˆ, instead of the scalar field σ, with a coupling B(3) ∧A(1), instead
of σA(1). However, the similarity of the conclusion would be due to the duality of the
two dynamical systems in five dimensions. We are not aware of any other brane action
which generates a brane energy momentum tensor of the anisotropic type that we should
have for the particular regularization to work. Thus, we cannot conclude whether the
above restriction is due to some fundamental physical obstruction, or it is an artifact
of the specific regularization procedure which simply lowers the codimension. The later
conjecture, however, is conceivable and it would certainly be interesting to investigate
alternative brane actions which would clarify the generality of our result.
From the difference of (41) and (40) and dividing by the square of (42), we can obtain
an expression for the parameters v± as
E2v2± = ±
3(1− α)√f
2z4
(
1
z3
− 5(1−α8)
8α3(1−α5)
)
∣∣∣∣∣∣
r±
(
1
R0
− 1
R±
)
, (45)
which for the limit α → 1 reduces to e2v2± = ±
√
1−r2
±
r±c0R0
(1 − c0), in agreement with [19]. In
the codimension-2 limit r± → ±1, the parameters v± vanish regardless of the warping.
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Finally, taking the sum of (41) and (40) we obtain the values of the brane tensions
λ± = ± M
4
20(1− α)√f
(
−8z + 11
2
· 1− α
8
1− α3 ·
1
z4
− 4α31− α
5
1− α3 ·
1
z7
)∣∣∣∣
r±
(
1
R0
− 1
R±
)
(46)
which for the limit α → 1 reduces to λ± = ± M4r±
2c0R0
√
1−r2
±
(1 − c0), in agreement with [19].
In the codimension-2 limit r± → ±1, the brane tensions λ± diverge.
The latter divergence is not worrisome when comparing with the codimension-2 limit,
because the quantity with physical meaning is the total tension of the ring. This is obtained
by integrating the four-dimensional part of the brane energy momentum tensor t
(±)
µν over
the azimuthal direction and reads
T± =
∫
dϕ
√
gϕϕ t
(±)
00 = 2πξc0R0
√
f(r±)
[
λ± +
v2±(n± − EA±ϕ )2
2c20R
2
0f(r±)
]
. (47)
The divergent part of λ± is canceled by
√
f(r±). Then, evaluating the bracket from (41),
we can take the codimension-2 limit r± → ±1. The tensions in this limit read
T± = 2πM
4 (1− c0X±ξ) (48)
and coincide with the tensions of the codimension-2 case presented in section 2.1.
3 Supersymmetric warped compactifications
In this section we will study the supersymmetrized version of the previous model. To do so,
we consider the gauge supergravity model of Salam and Sezgin [8] where gravity is coupled
to a six-dimensional gauge field AM , a Kalb-Ramond field BMN and a dilaton field χ in
a way that respects N = 2 supersymmetry. The general axisymmetric solutions of such a
model involve compact spaces with sphere topology and two codimension-2 singularities at
the poles of the deformed sphere [9, 10, 20]. The bosonic action of the system (neglecting
the Kalb-Ramond field which can be consistently set to zero background value) is given by
S =
∫
d6x
√−g
(
M4
2
R− 1
4
eχ/M
2F2 − 1
2
(∂Mχ)
2 − 4g20M4e−χ/M
2
)
− T±
∫
d4x
√−γ± ,
(49)
where T± are the tension of the codimension-2 branes situated at the north and south pole
respectively and g0 is the gauge coupling of the gauged U(1)R of the model. The metric
γ±µν is the induced metric on the two 3-branes and M the six-dimensional Planck mass.
In the absence of the brane terms, i.e., without codimension-2 singularities, the vacuum
of solution of [8] respects N = 1 supersymmetry. However, the brane terms in (49),
necessary for warping to be allowed, break supersymmetry explicitly to N = 0. In that
respect we are not strict by calling the compactification supersymmetric. Nevertheless, we
will keep this terminology since the solution stems from a gauged supergravity action with
the addition of only localized terms which break supersymmetry.
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The equations of motion in the bulk are easily obtained as
RMN = 2g
2
0e
−χ/M2gMN +
1
M4
∂Mχ∂Nχ
+
1
M4
eχ/M
2
[
FMKF KN −
1
8
F2gMN
]
, (50)

(6)χ =
1
4M2
eχ/M
2F2 − 4g20M2e−χ/M
2
, (51)
∂M
(√−g eχ/M2FMN) = 0 . (52)
The above equations of motion have the scaling symmetry
gMN → u gMN , χ→ χ +M2 log u . (53)
Note that this is not a symmetry of the action since S → u2S. By applying this scaling
symmetry to one of the solutions of the equations of motion, we can obtain a new (and
inequivalent) solution.
In the following, we will first discuss the background solution with codimension-2 branes
and then we will present the procedure to regularize these branes by lowering their codi-
mension, in the same way we accomplished it in the non-supersymmetric case.
3.1 The general solution with codimension-2 branes
The general bulk axisymmetric solution of the above system, with a monopole in the
internal space was provided in [9,10]. The metric has, as in the non-supersymmetric case,
a black hole form in the extra two dimensions. The warped solution reads explicitly
ds26 = ρ ηµνdx
µdxν +
dr2
F
+ c20Fdθ
2 , (54)
Fρθ = − b0
ρ3
, (55)
χ = M2 log ρ , (56)
with M4F (ρ) = −2g20M4ρ−
b20
4c20ρ
3
+
µ0
ρ
. (57)
Observe that the above solution has the same structure as the non-supersymmetric
solution (4)-(6) with the difference that ρ appears here with a lower power. This appears
to be crucial in the following.
As before, we will consider the space 0 < ρ− < ρ < ρ+ between two roots of F (ρ). The
parameters b0 and µ0 can be expressed as a function of ρ+ and α ≡ ρ−/ρ+ as
b0 = ρ
2
+
M2c0α
R0
, (58)
µ0 = ρ
2
+
M4(1 + α2)
4R20
. (59)
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To make the comparison with the unwarped case more transparent, we will make the
coordinate transformation
ρ = ρ+z with z(r) =
1
2
[(1− α)r + (1 + α)] , (60)
ϕ =
(1− α)
2R20
θ , (61)
with R20 = 1/(8g
2
0) representing the average radius of the internal space. In the new
coordinates the solution (54)-(57) becomes
ds26 = ρ+
{
zηµνdx
µdxν +R20
[
dr2
f
+ c20fdϕ
2
]}
, (62)
Frϕ = −c0R0M2S · 1
z3
, (63)
χ = M2 log(ρ+z) , (64)
with f =
4R20
ρ+(1− α)2F , (65)
and S = α . (66)
From the above definition we can verify that f(r) depends only on the parameter α as
f(r) =
1
(1− α)2
[
−z − α
2
z3
+
(1 + α2)
z
]
. (67)
For the range of the coordinate ϕ we make the same assumption as before, i.e., there
is ϕ ∈ [0, 2πξ), with ξ a function of α with the limit that as α → 1 it is ξ(α) → 1. The
two codimension-2 branes are situated at ρ = ρ±, or in the new coordinates at r(ρ±) = ±1
with z(ρ+) = 1, z(ρ−) = α. Expanding the function f at r → ±1 we get f → 2(1∓ r)X±
with the quantities X± given by
X+ =
1 + α
2
, X− =
1 + α
2α2
. (68)
Then the metric around r = ±1 reads
ds26 ≈ ρ+
{
z(±1)ηµνdxµdxν + R
2
0
X±
[
dr2
2(1∓ r) + c
2
0X
2
±2(1∓ r)dϕ2
]}
. (69)
The deficit angles at the two singularities are thus δ± = 2π(1 − β±) with β± = c0X±ξ
and are supported by codimension-2 branes with tensions T± = M
4δ±. For completeness,
we present in Appendix C the relation of the above gauge with the one used in [9].
The scaling symmetry (53) is manifested in the solution by the appearance of the
quantity ρ+. For the rest of the paper, we will choose ρ+ = 1. We stress, however, that
this is not a gauge choice as in the non-supersymmetric case, but a mere choice of a subset
of solutions (from which all solutions can be obtained by applying the symmetry).
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It is straightforward to compute the flux quantization condition of the gauge field. The
gauge field in the northern and southern patches of the manifold are given as before by
A+ϕ = c0R0M2
S
(1− α)
(
1
z2
− 1
)
, (70)
A−ϕ = c0R0M2
S
(1− α)
(
1
z2
− 1
α2
)
, (71)
which in the α→ 1 limit gives the correct limit (25). Then single valuedness of the gauge
transformation at the overlapping region, gives the quantization condition
2c0R0M
2ξe Y = N , N ∈ Z , (72)
with Y =
1 + α
2α2
S . (73)
A choice ξ = 2α/(1 + α) is particularly helpful, since then the quantization condition
remains the same as in the case of no warping and the deficit angles are given by β+ = c0α
and β− = c0/α.
3.2 The regularization
We will regularize the model in the same way that we did it for the non-supersymmetric
case, by the introduction of codimension-1 branes. Using similar notation as before, the
action of the system is written as
S =
∫
Mi
d6x
√−g
(
M4
2
R− 1
4
eχ/M
2F2 − 1
2
(∂Mχ)
2 − 4g2iM4e−χ/M
2
)
−
∫
Σ±
d5x
√−γ±
(
V±(χ) +
v2±
2
(D˜µˆσ±)
2 +M4{K}±
)
, (74)
where gi, i = 0,± are the gauge couplings in the different bulk regions and V±(χ) are the
potentials for the dilaton on the codimension-1 branes. The internal space has the shape
given in Fig. 1. The equations of motion in the bulk are the same as (50)-(52) and g0 is
substituted by gi for the three bulk regions. The junction conditions on the branes are
obtained by matching the surface terms from each side of the brane with the variation of
the brane action and read
{Kˆµˆνˆ}± = − 1
M4
[
−V±γµˆνˆ + v2±
(
D˜µˆσ±D˜νˆσ± − 1
2
(D˜κˆσ±)
2γµˆνˆ
)]
,(75)
{eχ/M2nMFMN∂κˆXN}± = −Ev2±D˜κˆσ± , (76)
{nM∂Mχ}± = dV±
dχ
. (77)
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3.3 The general solution with codimension-1 branes
The background solution of the above regularized system will be presented and we will
show that taking the limit of r± → ±1, the solution of Section 3.1 with the codimension-2
branes is correctly reproduced.
The solution in the bulk regionM0 between the two branes (r− < r < r+) (see Fig. 1)
is the one described in Section 3.1
ds26 = z ηµνdx
µdxν +R20
[
dr2
f
+ c20fdϕ
2
]
, (78)
Frϕ = −c0R0M2S · 1
z3
, (79)
χ = M2 log z , (80)
with R20 = 1/(8g
2
0). On the other hand the caps M±, with r+ < r < 1 and −1 < r < r−
respectively, are described by the solutions
ds26 = z ηµνdx
µdxν +R2±
[
dr2
f
+ c2±fdϕ
2
]
, (81)
Frϕ = −c±R±M2S · 1
z3
(82)
χ = M2 log z , (83)
with R2± = M
4/(2Λ±). In order that there is no deficit angle in the caps (i.e., when
β± = c±X±ξ = 1), we should demand that c± = 1/(X±ξ), with X± as given in (68).
Continuity of the gϕϕ metric component imposes again the relation
c0R0 = c±R± . (84)
Since the gauge field strength is continuous through the codimension-1 brane and taking
into account the above relation, the solution for the gauge field which vanishes at the poles
remains exactly the same as before (70), (71). Thus the quantization condition (72) is the
same as in the codimension-2 model.
The solution of the Goldstone fields, with the normalization discussed in Appendix A,
is given as before
σ± = n±ϕ , with n± ∈ Z . (85)
The brane parameters v± and the value and the slope of the dilaton potential V (χ) (which
implicitly depends on branes positions) will be provided by the junction conditions. Fur-
thermore, we will obtain a relation between the quantum numbers of the brane scalar field
n± and the bulk gauge field N . In Appendix B, we present all the necessary steps to arrive
at the extrinsic curvatures Kˆµˆνˆ . Using these extrinsic curvatures, the (ϕϕ) component of
the junction condition (75) reads
±2M4 z
′
z
√
f
∣∣∣∣
r±
(
1
R0
− 1
R±
)
= V± −
v2±(n± −EA±ϕ )2
2c20R
2
0f(r±)
, (86)
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and its (µν) component is given by
± M
4
2
√
f
(
3
z′
z
+
f ′
f
)∣∣∣∣
r±
(
1
R0
− 1
R±
)
= V± +
v2±(n± −EA±ϕ )2
2c20R
2
0f(r±)
. (87)
Furthermore, the gauge field junction condition (76) can be easily evaluated as
∓c0R0M2 S
√
f
z2
∣∣∣∣
r±
(
1
R0
− 1
R±
)
= Ev2±(n± − EA±ϕ ) , (88)
and the scalar field junction condition (77) gives
∓M2 z
′
z
√
f
∣∣∣∣
r±
(
1
R0
− 1
R±
)
=
dV±
dχ
. (89)
In the above equations we have denoted V± = V (χ(r±)) and dV±/dχ = (dV/dχ)(χ(r±)).
A relation between n± and N can be found by taking the difference of (87) and (86)
and dividing by (88). Then, after substitution of Aϕ, c0 from (70), (71), (72) and taking
into account that E = ξe, we obtain the simple result
n± = ±N
2
. (90)
From the above relation we see that the warping α is not restricted as in the non-
supersymmetric case. Furthermore, the Goldstone field quantum number is related to
the gauge field quantum number in exactly the same way as in the unwarped case. How-
ever, as we noted in the non-supersymmetric case, we cannot be sure if this conclusion
depends on the particular regularization, before we try some alternative brane action.
From the difference of (87) and (86) and dividing by the square of (88), we can obtain
an expression for the parameters v± as
E2v2± = ±
2α2(1− α)√f
(2α2 − (1 + α2)z2)
∣∣∣∣
r±
(
1
R0
− 1
R±
)
, (91)
which for the limit α → 1 reduces to e2v2± = ±
√
1−r2
±
r±c0R0
(1 − c0). In the codimension-2 limit
r± → ±1, the parameters v± vanish regardless of the warping.
Taking the sum of (87) and (86) we obtain the values of the dilaton potential on the
rings
V± = ± M
4(1− α)
4
√
f
(4z4 − 3(1 + α2)z2 + 2α2)
z(α2 − z2)(1− z2)
∣∣∣∣
r±
(
1
R0
− 1
R±
)
, (92)
which for the limit α → 1 reduces to V± = ± M4r±
2c0R0
√
1−r2
±
(1 − c0). In the codimension-2
limit r± → ±1, the above values V± diverge. On the other hand (89) provides the values
of the slope of the dilaton potential on the rings. In the limit α→ 1 these slopes vanish.
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As we had explained in the non-supersymmetric case, the divergence of V± in the
codimension-2 limit is not worrisome. The total tension of the ring is obtained by in-
tegrating the four-dimensional part of the brane energy momentum tensor t
(±)
µν over the
azimuthal direction. This is given by
T± =
∫
dϕ
√
gϕϕ t
(±)
00 = 2πξc0R0
√
f(r±)
[
V± +
v2±(n± − EA±ϕ )2
2c20R
2
0f(r±)
]
. (93)
Then, evaluating the bracket in the above relation using (87) and taking the codimension-2
limit r± → ±1, we can find the tensions in this limit
T± = 2πM
4 (1− c0X±ξ) , (94)
which coincide with the tensions of the codimension-2 case presented in section 3.1.
4 Conclusions
In the present work, we discussed the regularization of the codimension-2 singularities in
Einstein-Maxwell systems with a monopole in the internal space. We have applied the reg-
ularization procedure of [19], which lowers the codimension of the branes, in axisymmetric
backgrounds with general warping. In this way, instead of working with codimension-2
branes, which have rather restrictive gravitational dynamics, one can work with ring-like
codimension-1 branes which are much better understood.
An important ingredient of the regularization was the Goldstone-like dynamics of a
brane scalar field coupled to the bulk gauge field. We have shown that the above procedure
works for any warped solution in the supersymmetric case, when the quantum number of
the brane scalar field and the bulk gauge field are related as in (90). On the contrary, in the
non-supersymmetric case, not all warpings are consistent with the corresponding quantum
number constraint (43). This may, however, be an artifact of the scalar field dynamics
which have been used to generate the necessary energy momentum tensor needed for the
regularization to work.
An important application of the above regularizations would be the study of cos-
mology on the codimension-1 branes and its limit as the radius of these branes goes to
zero (codimension-2 limit). This will shed light on the cosmological properties of the
codimension-2 branes [15, 18]. A particular case, is the one in which the ring-like brane
moves in the static bulk background and induces a mirage cosmological evolution on it, as
e.g., in [22]. We plan to address this issue in a forthcoming publication [23].
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Appendix A: Origin of the Goldstone field action
In this Appendix we will discuss the origin of the brane scalar field action and justify
the comments we made in the main text. Let us consider a complex Higgs field H coupled
to the gauge field Aµˆ. We know that since we have a compact dimension, every field
living in it that couples to Aµˆ, should have a charge which is an integer multiple of a
fundamental charge e. For convenience we will assume that the Higgs’ charge is equal to
the fundamental charge e (although it could in principle be an integer multiple). The Higgs
kinetic Lagrangian reads
−(DµˆH)(DνˆH)∗γµˆνˆ , (A.1)
with DµˆH = ∂µˆH − ieAµˆH the covariant derivative with respect to the gauge field. At
low enough energies we can integrate out the massive radial part and focus only on the
Goldstone mode of the Higgs. The latter is given by H = v eiΣ and thus the Lagrangian
becomes
−v2(D¯µˆΣ)(D¯νˆΣ)γµˆνˆ , (A.2)
with D¯µˆΣ = ∂µˆΣ − eAµˆ, not to be confused as covariant derivative but to be just a
convenient abbreviation. If we use the angular coordinate ϕ ∈ [0, 2πξ) as in the main text,
the solution for the field Σ which respects the periodicity of the space is Σ = nϕ/ξ with
n ∈ Z. Had we used an angular coordinate Φ ∈ [0, 2π), the solution would be Σ = nΦ.
We see that the periodicity of the space directly enters in the solution of the brane scalar
field.
However, we do not know in principle from the effective brane Lagrangian the normal-
ization of the Goldstone field. Let us for example rescale the Goldstone field as Σ = Cσ.
Then the Higgs field is written as H = v eiCσ and the Lagrangian reads
−v2(D¯µˆ[Cσ])(D¯νˆ [Cσ])γµˆνˆ = −v2(D˜µˆσ)(D˜νˆσ)γµˆνˆ , (A.3)
with v = Cv, D˜µˆσ = ∂µˆσ − EAµˆ and E = e/C a redefined “charge”. The latter brane
Lagrangian was used in the main text. The solution for the field σ is then σ = Σ/C =
nϕ/(Cξ) with n ∈ Z.
In the above presentation, there are two ambiguities: the normalization C of the Gold-
stone field (i.e., if it is σ or Σ that appears in the action) and the parameter ξ which has to
do with the range of the angular coordinate. We can fix part of this ambiguity by imposing
that C = 1/ξ. The solution for the field σ (which respects the periodicity of the space) is
then σ = nϕ with n ∈ Z, independent of the quantity ξ. The Higgs vev is then related to
the parameter v appearing in the action as v = v/ξ and the “charge” E is given by E = ξe.
Let us note that the remaining ambiguity (that of the determination of ξ) can be further
partially fixed by comparison with the unwarped solution as described in the main text.
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We should stress here that the “charge” E of σ need not be a integer multiple of the
fundamental charge e. This is because it is only the charge of the parent Higgs field
appearing in the original Higgs Lagrangian that is subject to quantization. The fact that
there is a non-integer “charge” for σ is merely due to the normalization of the Goldstone
mode and the range of the angular variable.
Appendix B: Extrinsic curvatures
In this Appendix we will calculate the extrinsic curvatures on the brane positions,
which will be used in the main text to evaluate the junction conditions. Let the brane
position in the bulk be XM(xµˆ), from which we evaluate the induced metric on the brane
as γµˆνˆ = gMN∂µˆX
M∂νˆX
N . Firstly, we should calculate the normal vector of the brane nM ,
which is orthogonal to all the tangent vectors of the brane ∂νˆX
M , that is ∂νˆX
MnM = 0.
The tangent vector in the brane time direction uM ∝ ∂0XM normalized to unit norm
uMuNgMN = −1 is known as the proper velocity of the brane. The normal vector is
normalized as nMnNg
MN = 1.
Once the normal vector is computed, one can evaluate the projection tensor hMN =
gMN − nMnN , which is related to the induced metric as hMN = γµˆνˆ∂µˆXM∂νˆXN and
satisfies also γµˆνˆ = hMN∂µˆX
M∂νˆX
N due to the orthogonality of the normal to the tangent
vectors. Afterwards, the extrinsic curvature is given by KMN = hKMhΛN∇KnΛ (the covariant
derivative computed with gMN) and with trace K = gMNKMN . The pullback of the
extrinsic curvature on the brane is given by Kµˆνˆ = KMN∂µˆXM∂νˆXN and has the property
that K = γµˆνˆKµˆνˆ = K. The combination which appears in the junction conditions is
Kˆµˆνˆ = Kµˆνˆ −Kγµˆνˆ .
In our examples, since the branes are static, their velocity vectors are uM ∝ (1,~0, 0, 0).
The normal vectors of the branes with the above mentioned normalization are given then
by nM =
√
grr(0,~0, 1, 0). Since the (rr) component of the metric in the gauge that we work
is discontinuous, we have different normal vectors pointing inwards the cap ninM and the
outwards to the bulk noutM . Their non-vanishing components, for the upper and the lower
brane are respectively
ninr = ±
R±√
f(r±)
, noutr = ∓
R0√
f(r±)
. (B.1)
The projection tensors hMN = gMN − nMnN on the two branes are then hµˆνˆ = gµˆνˆ
and hrr = hrµˆ = 0. Let us now split the presentation for the non-supersymmetric and the
supersymmetric case.
In the non-supersymmetric case, the induced metrics γ±µˆνˆ on the branes are given
simply by
ds25(±) = z
2(r±)ηµνdx
µdxν +R2±c
2
±f(r±)dϕ
2 . (B.2)
The non-zero extrinsic curvature components then readKµν = −Γrµνnr andKϕϕ = −Γrϕϕnr.
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The six-dimensional Christoffel symbols that we need are
Γrµν = −
zz′f
R20
ηµν , Γ
r
ϕϕ = −
1
2
c20ff
′ , (B.3)
with ′ ≡ d/dr. With the above, we compute the extrinsic curvatures Kˆµˆνˆ . Inwards to the
caps, for the upper and the lower brane, they are respectively
Kˆinµν = ∓
ηµν
R±
z2
√
f
(
3
z′
z
+
1
2
f ′
f
)∣∣∣∣
r±
, Kˆinϕϕ = ∓ 4c2±R±
z′
z
f 3/2
∣∣∣∣
r±
. (B.4)
Outwards to the bulk, for the upper and the lower brane, they are respectively
Kˆoutµν = ±
ηµν
R0
z2
√
f
(
3
z′
z
+
1
2
f ′
f
)∣∣∣∣
r±
, Kˆoutϕϕ = ± 4c20R0
z′
z
f 3/2
∣∣∣∣
r±
. (B.5)
In the supersymmetric case, the induced metrics γ±µˆνˆ on the branes are given by
ds25(±) = z(r±)ηµνdx
µdxν +R2±c
2
±f(r±)dϕ
2 . (B.6)
The six-dimensional Christoffel symbols that we need are
Γrµν = −
z′f
2R20
ηµν , Γ
r
ϕϕ = −
1
2
c20ff
′ , (B.7)
With the above, we compute the extrinsic curvatures Kˆµˆνˆ . Inwards to the caps, for the
upper and the lower brane, they are respectively
Kˆinµν = ∓
ηµν
2R±
z
√
f
(
3
z′
z
+
f ′
f
)∣∣∣∣
r±
, Kˆinϕϕ = ∓ 2c2±R±
z′
z
f 3/2
∣∣∣∣
r±
. (B.8)
Outwards to the bulk, for the upper and the lower brane, they are respectively
Kˆoutµν = ±
ηµν
2R0
z
√
f
(
3
z′
z
+
f ′
f
)∣∣∣∣
r±
, Kˆoutϕϕ = ± 2c20R0
z′
z
f 3/2
∣∣∣∣
r±
. (B.9)
With the above it is straightforward to evaluate the junction conditions (29), (30) in
the non-supersymmetric case and the junctions (75), (76), (77) in the supersymmetric case.
Appendix C: An alternative gauge in the supersym-
metric case
In this Appendix we will present the relation of the gauge that we used for the solution
in the supersymmetric case with the one used in [9] (slightly rescaled). Let us make the
coordinate transformation
z(r) = W (R)2 , (C.1)
ψ =
1 + α
2
ϕ , (C.2)
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where the function W (R) is defined as
W (R) =
(
f1
f0
)1/4
, f0 = 1 +
R2
4
, f1 = 1 +
R2
4
α2 . (C.3)
Then it is straightforward to verify that the solution (62), (63), (64) is transformed to
the one of [9]
ds26 = ρ+
{
W 2ηµνdx
µdxν +R20L
2
[
dR2 + c20A
2dψ2
]}
, (C.4)
FRψ = M2c0R0α · L
2A
W 6
, (C.5)
χ = M2 ln(ρ+W
2) , (C.6)
with
L(R) =
W
f0
and A(R) =
R
W 4
. (C.7)
Note that here we keep c0, although in [9] a choice of c0 = 1 was made. The range of
the angular coordinate has been altered by this transformation, as ψ ∈ [0, 2πξ 1+α
2
)
. To
compare with [9], where ψ ∈ [0, 2π), one should make the choice ξ = 2/(1 + α). Then the
deficit angles are given by β+ = c0 and β− = c0/α
2. Note that in the conventions of [9]
there is α = q/(4g), with q the magnetic charge and g the gauge coupling.
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